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1. INTRODUCTION 
A number of authors (Trotter [6], Skorokhod [5], Hasegawa [2]) 
have given sufficient conditions for the convergence of a sequence of 
operator semigroups in terms of the corresponding sequence of 
infinitesimal operators. In addition, necessary and sufficient conditions 
in terms of the sequence of resolvent operators can be found in 
Yosida [S]. Trotter and Skorokhod also discuss the approximation of a 
continuous parameter semigroup by a sequence of discrete parameter 
semigroups. In Section 2 of the present paper, necessary and sufficient 
conditions similar in form to Trotter’s sufficient conditions will be 
given for both the continuous parameter and discrete parameter cases. 
These conditions are of course equivalent (in the continuous param- 
eter case) to the conditions given in Yosida; however, their form 
seems to be more useful for the applications attempted thus far. 
The setting for the statement of the two general theorems is the 
same as that used by Trotter. Let L be a Banach space and let {Ln} 
be a sequence of Banach spaces that approximate L in the sense that 
for each n there exists a bounded linear operator P, that maps L into 
L, and 
$2 II pnfll = llfll for every f  E L. 
(The norms involved are understood to be the norms associated with 
the appropriate Banach space.) These conditions imply the existence 
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of an &I such that 11 P, j/ < 44 independently of n. We will say that 
lim,,, j,, = j, j,, EL, , Jo L if and only if 
We can define the limit A of a sequence of operators A, with 
domain $$(A,) and range .%?(A,) in L, by setting 
Af = F+? A,P,f 
for all j E L for which this limit exists. Of more importance here, 
however, is a more general notion of a limit which will be referred to as 
the extended limit of a sequence of operators. 
Let .9(ex-lim,,, A,) be the set of j E L such that there exists a 
sequence {jn}, jn E 9(A,) and some h EL satisfying 
k-&fn =f and lim A,fn = h. n-m 
We would like to define 
(ex..tm A,)f = Af = ?&I Anfn = h 
for every j G B(ex-lim,,, A,); however, in general the operator A 
would not be single-valued unless 
!+I fn = 0 and lim A,,f,, = h n-m 
imply h = 0. The following lemma provides sufficient conditions for 
ex-lim,,, A, to be single-valued. 
LEMMA (1.1). If ll(h - A,)jII > hl\jll for every j E 9(A,) and 
every X > 0, and 9(ex-lim,,, A,) is dense in L, then A E ex-lim,,, A, 
is single-valued and 11(X - A)jll > hlljll for every j E 9(A) and every 
h > 0. 
Proof. Suppose j, E 9(A,) and h EL satisfy 
hi j, = 0 and lim A,fn = h. n+m 
For every j E 2(A) there exists j, E 9(A,) and g EL such that 
limf, =f and 
n+m 
lim A,fn = g. ?I+* 
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Since 11th - A,Jf, + 3k)ll 2 41fn + V” II we have 
;+t I/@ - 4J(fn + VJl = II hf - g - Ml II B !E h llfn + v* II = A Ilf II * 
Dividing by h and letting h go to infinity we have 
Ilf - h II 2 Ilf II for every f  E S@(A). 
But 9(A) is dense in L and consequently h = 0. 
Clearly, if ex-lim,,, A, is single-valued it is a closed extension of 
limnem A, , and for sequences of operators satisfying 9(A,) = L, 
and (1 A, 11 < B independently of la limn+co A,, and ex-lim,,, A, are 
identical. 
By a contraction semigroup, we mean a semigroup of linear oper- 
ators T(t) on a Banach space satisfying I] T(t)// < 1 for every t > 0. 
The infinitesimal operator of a semigroup is given by 
Af = lim T(t):-f 
t-0 
for all f E L for which the limit exists in the strong sense. The main 
properties of an infinitesimal operator are given by the Hille-Yosida 
Theorem. 
THEOREM (1.2). (Hille-Yosida). A linear operator A is the injni- 
tesimal operator of a strongly continuous contraction semigroup on a 
Banach space L if and only if 
(i) the domain 9(A) of A is dense in L, 
(ii) the equation Af - Af = g has a solution f  E 9(A) for every 
g EL and every h > 0, and 
(iii) II hf - Af 11 > hlj f II for every f E 9(A) and every h > 0. 
The solution of hf - Af = g isgiven by 
(l-3) f  = sr e-V(t)g dt, 
andfor f E 9(A), 
Q-4) T(t) f -f = ,I AT(s) f  ds = ,: T(s) Af ds. 
Proofs of the above statements can be found in Dynkin ([I], 
Chapter 1). 
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The first theorem in Section 2 is essentially that a sequence of 
strongly continuous contraction semigroups T,(t), defined on a 
sequence of Banach spaces L, which approximates a Banach space L 
in the sense described above, converges to a semigroup T(t) on L if 
and only if the infinitesimal operator of T(t) is the extended limit of 
the infinitesimal operators of the Z’,(t). In Section 3, we will give 
variations of the results in Section 2 that, in particular, are applicable 
when the semigroups involved are determined by transition functions 
of Markov processes. In Section 4, we will give examples that illustrate 
the Banach space approximation and the use of the extended limit 
operator. 
2. GENERAL APPROXIMATION THEOREMS 
THEOREM (2.1). F or each n, let T,(t) be a strongly continuous 
contraction semigroup defined on L, with injinitesimal operator A, . 
Let A = ex-lim,,, A, . Then there exists a strongly continuous 
contraction semigroup T(t) on L such that limn+oo T,(t)P,f = T(t)f 
for every f E L and eoery t E [0, a~) if and only if 
(2.2) 
and 
the domain 9(A) of A is dense in L 
(2.3) the range W(X, - A) of A, - A is dense in L for some A,, > 0. 
In fact, ;f the above conditions hold we have 
(2.4) lim sup II T,(s) Pnf - P,T(s)f 11 = 0 
n-co O=zs<t 
for every f E L and every t E [0, co). 
Remark. The assumption that the semigroups involved are con- 
traction semigroups is only a convenience. The theorem is valid for 
sequences of semigroups satisfying 11 T,(t)/1 < MeKt where M and K 
are independent of rt provided (2.3) is altered to read A, > K. 
Proof. To prove the necessity of (2.2) and (2.3), let A, be the 
infinitesimal operator of T(t). ForfE B(A,) and some X, > 0 let 
BY (1.3), 
g =/\of --Aof. 
e-WQt) g dt. 
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The sequence 
e-W”,(t) P,, g dt 
satisfies 
By (1.3), h,,fn - Anfn = P,g, and hence 
$+? II Anfn - PJof II = 2% II A,fn - Pnz - Wnf - Pndll 
= !E ho llfn - Pnf II = 0. 
Therefore, by the definition of ex-lim,,, A, = A, f E 9(A) and 
Af = A,f for every f E C@(A,). Consequently, (2.2) and (2.3) follow 
from the Hille-Yosida Theorem. 
To prove the sufficiency of (2.2) and (2.3), we will first show that A 
is the infinitesimal operator of a strongly continuous contraction 
semigroup T(t) and then that 
(2.5) lim sup II T,(s) P,f - P,T(s)f I( = 0 for every f E L. 
n-wm O<s<t 
Since the A, are infinitesimal operators and B(A) is dense in L, 
it follows from the Hille-Yosida Theorem (1.2) and Lemma (1.1) that 
A is a single-valued operator satisfying 
(2.6) Ilhf - Af II 3 h Ilf II for every f EB(A) and every X > 0. 
and in order to show that A is an infinitesimal operator it remains only 
to show that 
(2.7) 92(X-A) =L for every h > 0. 
We first observe that the following two lemmas hold. 
LEMMA (2.8). For any h > 0, S?(h - A) is a closed subset of L. 
LEMMA (2.9). If g E S?& - A), hj > 0, j = 1,2 ,..., and lim,,, Ai = 
X > 0 then g E W(A - A). 
Lemma (2.8) follows immediately from (2.6), the inequality 
2llhf--fIl~~Ilf/I+II~f---fII~llAfIl> 
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and the fact that A is closed. Noting that (2.6) implies (A - A)-’ is 
defined on W(X - A) and [\(A - A)-’ 11 < l/X, Lemma (2.9) follows 
from Lemma (2.8) and the fact that 
y+E llCA - A)(hj - A)-1 g - g II = fi& ll(A - hj)(Aj - A)-‘g I! 
Let p+(A) be the set of positive X for which W(h - A) = L. Since 
(A - A)-’ exists, p+(A) is just the set of positive numbers in the 
resolvent of A and is therefore an open subset of the positive real 
numbers R+. Lemma (2.9) implies p+(A) is also closed as a subset 
of R+, and (2.3) along with Lemma (2.8) implies p+(A) is not empty. 
Consequently p+(A) = R+ and (2.7) is proved. 
Let T(t) denote the semigroup having A as its infinitesimal operator. 
To prove that (2.4) holds for all f E L it is sufficient to prove that it 
holds for all f in a dense subset of L, in particular for f e 9(A). 
For f e Q(A), let 
gA = (A - A)-lf = 
s 
O” e-AST(s)fds. 
0 
By the definition of A there exist gmh, f, E 5+(A,) such that 
lim gnA = g”, lim f,, = f, tiE A,,gnA = AgA = hg” -f, and lim Anf,, = Af. 
n+m ?I--)= n+m 
Letting fnA = Agnh - A,g,A, we have 
I/ jrn e-YTn(s)fn - PJ(s)f) ds (/ 
0 
< II/r e-“Vn(s)fnA - PJ(s)f) ds I( + l!h llfn -fnA II 
G II &LA - P,g” II f lib llfn - P,f II + l/h II(XP,g” - P&g”) - (Xgn” - Adg,A)ll 
and consequently 
(2.10) Fz I/ 1: e-A8( T,(s) f,, - P,T(s) f) ds 11 = 0 for all X > 0. 
To complete the proof of (2.4), we will need the following lemma. 
LEMMA (2.11). Suppose for each n, F,(s) is a function of 0 < s < og 
taking values in L, and that the F,,(s) form a bounded, equicontinuour 
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sequence in the sense that there exists B > 0 such that /I F,(s) 11 < B 
for all n and s > 0, and for euery E > 0 and every s > 0 there exists 
a 8 > 0 such that s’ > 0 and 1 s - s’ 1 < 6 imply 11 F,(s) - F,Js’)jI < E 
for all n. Then 
lim ’ 
Ill 
* 
n-3-2 e-AaF,(s) ds = 0 for all h > 0, 0 II 
implies 
lim sup 11 F&)/l = 0 for all t > 0. 
n-m O<s<t 
Proof. Let limn+m supoG8GI 11 F,(s)]1 = y. There exist bounded 
linear functionals V~ with 11 vn 11 = 1 such that 
lim sup v,(F,(s)) = y. 
n+m O<r<t 
The functions v@,(s)) form a bounded equicontinuous sequence in 
the ordinary sense with 
lim * 
s n-+mo 
e-+v,(F,(s)) ds = 0 for all X > 0. 
Consequently y = 0 by Ascoli’s Theorem and the uniqueness of the 
La Place Transform. 
Since limrr+m Anfn = Af and 
T&)f,, - P,J(s)f = 1’ (T&4 4fn - J’JW Af > du +fn - Pnf, 
0 
{Tn(s)fn - P,T(s)fl is a bounded, equicontinuous sequence. There- 
fore, using Lemma (2.1 l), we have 
which completes the proof of the theorem. 
Remmk. The proof of the sufficiency of (2.2) and (2.3) does not 
use the assumption that T,(t) is strongly continuous on all of L, . 
If we drop this assumption, and let Ly denote the subspace of L,, on 
which T,(t) is strongly continuous, then (2.2) implies that for every 
f~ L there exists a sequence fn E c- such that Em,, I\ fn - P,f I\ = 0. 
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We will say that a set D contained in the domain 9(A) of an 
operator A determines A if A is the closure of the operatorA ID formed 
by taking S(A ID) = D and setting A IDf = Af for each f E D. If the 
domain of the extended limit of a sequence of infinitesimal operators A, 
contains a set D that determines an infinitesimal operator A, and if 
(ex-lim,,, A,)f = Af for all f E D, then the sequence of semigroups 
converges to the semigroup corresponding to A. 
For the second general theorem, we consider a sequence of operators 
T, : L, -+ L, with 11 T, /I < 1. We form a discrete parameter semi- 
group by setting T,(O) = I and T,(k) = Tnk for k = 1, 2, 3,... . 
In place of the infinitesimal operators of continuous parameter 
semigroups we consider 
(2.12) An = P”n -wh) 
where the h, are a given sequence of positive numbers. We then have 
the following theorem analogous to Theorem (2.1). 
THEOREM (2.13). For each n, let T,(h) be a discrete parameter 
contraction semigroup defined on L, , let h, be a positive number and let 
A, be defined a~ in (2.12). Suppose limn-too h, = 0, and let A = 
ex-lim,,, A, . Then there exists a strongly continuous contraction 
semigroup T(t) on L such that limn+oo T,([t/h,]) = T(t)f for every 
fELandeverytE[O, m)ifandonlyif 
(2.14) the domain B(A) of A is dense in L 
and 
(2.15) the range 9Z(h, - A) of X, - A is dense in L fm some X, > 0. 
In fact, if the above conditions hold we have 
(2.16) lim SUP II ~&lh,l) Pnf - P,T(s)f II = 0 n-m O<r<t 
for every f tz L and every t E [0, ax). 
Proof. To prove the necessity of (2.14) and (2.15), let A, be the 
infinitesimal operator of T(t). For f E B(A,) and every t > 0, we have 
(2.17) iz TJ[tlh*l) :J - p*f _ p, (T(t){ -f> Ii = o 
I/ 
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and 
Clearly, there exists a sequence of integers k, with limn+m k,h, = 0 
such that (2.17) and (2.18) hold with t replaced by k,h, . 
Letting 
1 
fn = k,h, o - sknh” Tn(Wnl) Pnf ds 
= f ‘5’ T,(l) P,f 
78 l=O 
and noting that 
by (2.17) and (2.18) with t replaced by k,h, , we have 
G A!% K,h, iI s knhm ( Tn( Wnl) - -I) pnf ds o 
- P, &- lknhn (T(s) - I) f ds 11 
nn 0 
and 
+ F+i 11 P, & sknhn (T(s) - I) f ds I/ = 0, 
nn 0 
< lim II T,(k,) P*f - P,f _ p T(k,h*)f -f \ n-m knhn n k,hn II 
+;~Ijpn ( TWdf-f k h nn - Aof)/ = 0. 
Therefore, for every f~ 9(A,), (ex-lim,,, A,)f = A,f and (2.14) 
and (2.15) folloW from the Hille-Yosida Theorem. 
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To prove the sufficiency of (2.14) and (2.15) we consider the 
sequence of strongly continuous contraction semigroups given by 
Clearly A, is the infinitesimal operator of S,(t) and by Theorem (2. I), 
(2.14) and (2.15) imply the existence of a T(t) such that 
lim sup (( S,(s) P,f - P,T(s)f 11 = 0. 
72-m O<s<t 
The convergence of T,([t/h,]) to T(t) follows immediately from the 
following lemma. 
LEMMA (2.19). For every f E L, , every s E [0, co) and every E > 0, 
6) lIPXs/bJ) - fWNfI/ G 24 &f/I 
and 
(9 II(~,U+,l) - WMI G 211fll@nl~24 + (6s + Ml 4fII. 
Proof. Noting that 
and that 
we have 
(ii) Noting that the Chebyshev inequality applied to a Poisson 
distributed random variable implies 
364 KURTZ 
and letting r = s/h,, , we have 
ll(&wz) - ~n(Pl)fll 
3. SPECIAL VARIATIONS FOR MARKOV PROWESSES 
Frequently the major difficulty in applying the theorems of Section 2 
lies in the determination of the infinitesimal operators of the semi- 
groups involved. In particular, if a semigroup is defined on some 
Banach space L of bounded functions on a set E with 11 f 11 = 
sup%x 1 f(x)/, it may be possible to show the existence of 
lim T(t)f(x) -f(x) = h(x) 
t-0 t 
for every x E E without being able to show 
lim T(t)f -f _ h = 0 
t-0 II t I/ 
Consequently, we define a new operator A as follows: 
We will say that a sequence {fk} CL converges boundedly and 
pointwise if 
(3-l) 
and 
exists for every x E E. We shall write bp-lim,,, fk = f. 
Let Z@(A) be the set of all functions f E L such that 
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exists. Clearly, (3.1) implies 52(a) C .E, the subset of L on which T(t) 
is strongly continuous. 
Remark. It should be noted that throughout this discussion 
bounded, pointwise convergence could be replaced by the more 
general notion of weak convergence, and that in general A is an 
extension of the weak infinitesimal operator. (See Dynkin [I], 
Chapter 1.) 
Let us assume that L is closed under bounded, pointwise conver- 
gence and that 
(3.3) 
b$-F+li fk = f implies 
bp-j$ T(t)f, = T(t)f for every 5 > 0. 
If T(t) is the semigroup determined by the transition function of a 
Markov process and L is the space of bounded, measurable functions 
on the state space of the Markov process, then these conditions hold. 
The following lemma relates A to the infinitesimal operator A of 
T(t)- 
LEMMA (3.4). FOY 
feqA), qt)f -f = A j: qs)fds = 1; T(S) Afds. 
Proof. The first equality is well known and follows easily from the 
fact that f E ~5. Noting that 
and that (3.3) implies 
liz T(s) T@)h- ‘f(x) = T(s) Af(,,, 
we have 
A f T(s) f (ix) ds = & T(h)h- ’ St WfW as 
0 0 
= VF I t T(s) 
T(h) - I 
+ 0 h f(x)& 
= 
s 
t T(s) Af (x) ds. 
0 
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The following theorem allows us to replace the infinitesimal 
operators A, in Theorem (2.1) by the operators A, . 
THEOREM (3.5). Suppose that the semigroups T,(t) in Theorem (2.1) 
are defined on Banach spaces of bounded functions that are closed under 
bounded, pointwise convergence and that the semigroups satisfy (3.3). 
Further, in reference to the remark following Theorem (2.1), suppose for 
every f E L there exist fn E G such that lim,,, jl f, - F,f II,== 0. 
(If 9(ex-lim,,, &) is dense in L this is true.) 
If fn E C&(x,) and f, h EL satisfy 
and 
then there exist f,,, E &(A,) such that 
lnifnm ll3v2 - Pnf II = 0 
and 
;i II A,3,z - P,h II = 0. 
Proof. Letting h, EL, satisfy lim,,, jl h, - P,h 1) = 0, 
Clearly, we can let t vary with n so that 
With t satisfying this requirement 
fulfills the conditions of the theorem. 
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We now consider a generalization of Theorem (2.13) which is 
applicable to a sequence of discrete parameter. Markov processes 
X,(l), ZE 20 = (0, 1, 2, 3 )... ), with measurable state spaces (E, , g’,) 
where g,, is the u-algebra of measurable sets. Let the transition 
functions 
P,(l, x, r) = P{X,(l) E r 1 X,(O) = x} 
satisfy 
P,(l, 3, ET&) = 1 for every x E E, and 1~ Z”, 
and let I?(,?& ,99’,) be the Banach space of measurable functions with 
llf II = SUP,,E” 1 f(x)l. Define a discrete parameter semigroup on 
Wn 3 %a) by 
Note. We are assuming that P,(I, x, r) is a measure on (E, ,99’,) 
for fixed x and 1 and is a an-measurable function of x for fixed r and 1. 
Let 52, be the sample space on which X,(1) is defined. When we 
want to emphasize the dependence of X,(I) on w E Q, we will write 
X,(4 WI’ 
THEOREM (3.6). Let h, E Z?(E, , S?‘,) satisfy 
inf h,(x) = F, > 0 and z SUP h(x) = %I < “0, z 
and assume lim,,, v,, = 0. 
Define 
Let 
and define 
(3.7) 
W, w) = inf ]l : go h&W, w)) > tl 
-Ret, w) = X”Vd4 4, w). 
Note. x,,(t) is not a Markov process. 
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Let L be a Banach space and let P, be linear operators with P, : L -+ 
B(E, , a,J satisfying the conditions of Section I. If A = ex-lim,,, A, , 
satisjes (2.2) and (2.3), then A is the injkitesimal operator of a semigroup 
T(t) on L and 
foreveryfeL. 
Proof. Let {Ai} b e independent random variables defined on a 
sample space Q, , with P& < t} = 1 - e-“, t > 0. We can consider 
X,(Z) and {A,} to be independent random variables defined on 
ii! = Q, x Q, . 
We define a continuous parameter Markov process on Sz by setting 
5-0 = 0 
and 
~z+l - TZ = hzVn(O) 4 9 
and defining 
Y&> = zo) for 71 < t -=c 72+1 - 
Note that 
w1+1 - 7t < t 1 X,(Z) = x} = 1 - exp(--t/h,(x)}. 
The infinitesimal operator for the semigroup corresponding to Y,(t) 
is A, . Therefore, by Theorem (2.1), 
lim sup 11 E,(PJ(Y,(s))) - P,T(s)f(x)ll = 0, for every f EL. 
n-+03 s<t 
The following lemma serves the same purpose as Lemma (2.19) 
did in the proof of Theorem (2.13) and completes the proof of the 
present theorem. 
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Proof. Observe that ..$?‘,(t, w)) = Y,(yt(w), w). Taking the discrete 
topology on E, , Y, is right continuous and strong Markov. For an 
appropriate representation of Y, , yt is a Markov time. Therefore, by 
Dynkin’s Lemma (Dynkin [I], Chapter 5), 
-afKWN = Ez(f(YnW) 
= & (jIt hzf P’&)> ds) +f (4. 
Since 
we have 
&(f G’nPN> = E, (,: 4f P’nW) ds) +f (4, 
I -Uf(&z(W - E,(fP’&)))/ G II 4fll EdI Yt - t 1). 
Noting that 
we have 
< 7n + (E, ( y h,“(x,o)))1’2 
i=O 
< rln + (d, ( ‘$-’ Wn(4)))1’z 
i-0 
4. APPLICATIONS TO MARKOV PROCESSES AND PROBABILITY THEORY 
We will now consider two examples of applications of the theorems 
in Sections 2 and 3 in which the operators involved are determined by 
Markov processes, and in particular the limiting semigroup corre- 
sponds to Brownian Motion B,(t) with variance a‘%. In each case 
L = c(R), the space of continuous functions on (-co, co) that 
vanish at infinity. The infinitesimal operator for the semigroup 
Wf (4 = G(f m(9)) 
5W3l3-3 
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is given by 
Af(x) = p(x) 
and 
.9(A) = {fe C?(R) : f u E e(R)} 
(see Dynkin [I], Chapter 2). 
Since D = {f E 9(A) : f h as compact support) determines A, in 
applying the theorems of Sections 2 and 3 we will only need to 
consider functions in D. 
The first example is a new proof of a theorem due to Pinsky [4] 
and illustrates the use of the extended limit operator in a case where the 
less general definition of the limit of a sequence of operators would not 
suffice. 
The second example uses Theorem (3.7) to give a proof of a version 
of the Central Limit Theorem. The proof is in the spirit of that given 
by Trotter [7]. 
Example 1. Let v(t) be a finite, ergodic Markov chain with a state 
space consisting of n real numbers vr , va -*a v’, and temporally 
homogeneous transition probabilities satisfying 
Let v denote the vector (vr , v2 *+a VJ and p denote the stationary 
measure of v(t). 
Suppose 
p l v = f pivi = 0. 
is1 
Then as E > 0 tends to zero 
X,(t) = J: f  V(S/~“) ds + x 
converges in law to Brownian motion B,(t), with B,(O) = x and 
(4.2) 
where n is any solution of 
(4.3) 81 = (hi)) q = -v. 
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Remark. The transition probability matrix for a(t) is given by 
P(t) = exp{t@. The ergodicity of v(t) implies p is the unique solution 
(up to constant multipliers) of 
p*o = 0. 
Consequently, p l v = 0 implies (4.3) has solutions. Any two solutions 
of (4.3) differ only be a constant vector, and since p l v = 0, (4.2) 
uniquely defines G. 
Proof. Since Xc(t) is not a Markov process, in order to apply 
Theorem (2.1) we must consider the process 
For every F > 0, let L, be the Banach space of continuous functions 
on R x v that vanish at infinity and define 
~4WbG Vi> = J%.OJ(f(X$)> wm 
and 
PGf(G 4 = fb) for every f EL. 
Clearly X,(t) converges in law to B,(t) if 
(4.4) ‘i$ II T,(t) Pcf - PJwf II = 0 for every f s L. 
If f E L, is differentiable with respect to x and has compact support, 
then f E B(A,), the domain of the infinitesimal operator of T,(t), and 
To prove (4.4) we will apply Theorem (2.1) by showing that for 
every f E D there exists f6 E 9(&l,) such that 
l$ Ilfc - Pef II = 0 and t+y II 4fE - PPJ II = 0. 
Let y be the n-vector with 
rpi = (u72) + +z+ - O& . 
By the definition of u2, p * 9 = 0 and hence there exists a solution of 
OY = cp. 
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For f E D define fc by 
&7 4 =f(4 + %W + 4 -f(4) 
+ ra(f(x + 4 - V(x) +f(x - 4). 
Clearly lim,,, 11 fc - P,f 11 = 0 and fc E $&(A,) with 
4f(% 4 = f [%f’@) + wh(f’(x + 4 -f’(x)) 
+ wdf’(x + 4 - 2f’(4 +f’(x - 4) 
+ i 4..1.f(X + 4 -f(x) 
E3 1 
j=l c 
Since f has compact support, f, f’ and f U are uniformly continuous 
and O(E) is uniform in x, and hence lim,, 11 AEfc - P,AfII = 0. 
Example 2. For each n, let XInXzn *mm Xnn be independent random 
variables. We are interested in the following version of the Central 
Limit Theorem. 
For every T > 0 let 
Suppose 
(4.5) lim f P{I Xkn 1 > T> = 0 
n+m Kc1 
(4.6) 
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and 
(4.7) 
Then 
lim 2 Var(Xhn(7)) = u2 
n-+m k-1 
for every 7 > 0. 
converges in law to a normally distributed random variable with mean 
p and variance u2. 
Proof. Without loss of generality we may assume that T in the 
above conditions is replaced by a fixed sequence (T,> with limn+m T, = 0. 
Let 
ha = (p xJcn I > 4)1’2, 
and 
w,, = {xk” : P{I xkn 1 > T,} > 6, var(xkn(Ta))}. 
We observe that 
6, 2 C Var(Xkn(Tn)) 
XX% w, 
and hence (4.5) implies 
(4.8) iz 1 Var(Xkn(T,)) = 0. 
XKWYY, 
But (4.5) and (4.8) together imply 
converges in law to zero. Therefore, again without loss of generality, 
we may assume W, is empty for all n and consequently that 
Let I?, = R x Z”, where Z” is the set of nonnegative integers, 
and let 99n be the u-algebra generated by sets of the form (F, k), 
where I’ is a Bore1 subset of R and k E Z”. 
We extend the sequence of independent random variables so that 
x:l,k has the same distribution as Xkn. and define a discrete parameter 
Markov process on E, by setting 
tdl) = (x + y (Xi” - wmn))), m + I) 3 1 = 1, 2, 3.... 
i=m+l 
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whenever 
5,(O) = (x, 4. 
The corresponding discrete parameter semigroup on B(E, , 3,,) 
is given by 
~‘TlV)f(~l M) -_= %,m,(f&(W 
Let on2 = X:=1 Var(Xkn(7,)) and define the function h, by 
h,(x, k) = \‘ar(Xi+,(7,))/0,‘. 
Define P, by 
Pnfb, 4 = f(x)* 
ForfE D. 
+ u * E(f(x + xi+,, - n q&F+,(?J)>) - E(f(x + X,“,,(,,) - Jw~+*k?J)2)_ . Var(XE+l(~,)) 
Let K, denote the first term on the right hand side of (4.10) and 
K2 the second. We have 
and expanding f as a Taylor series 
1 K, - $f”(X)l < (7,2 Sup 
2 IY--T!  <2T, 
if”(x) -.f‘“(y)\ . 
Since f fl is uniformly continuous, 7, + 0 and an2 + u2, 
!j_mg /IA,P,,f - .;f t# ii = 0. 
Let 
I*“(t) = inf iI : -$ i Var(XY+,(7,)) > t[ . 
i=O 
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Theorem (3.6) implies 
lp(s) 
lim sup 11 -$f(x + C (X? - Wfi”(~n))))) - Uf(BAs))~l = 0. 
n-m s<t i=l 
Noting that &“(l) = n and that limn+m Cl, E(X,“(T,)) = p, the 
theorem follows. 
Remark. Further examples of applications of the general theorems 
to Markov processes can be found in [3] and [6]. 
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